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▪ Lumped circuits:  resistors, capacitors, inductors

neglect time delays (phase)

account for propagation and 
time delays (phase change)

Transmission-Line Theory

▪ Distributed circuit elements:  transmission lines

We need transmission-line theory  whenever the length of 
a line is significant compared with a wavelength.
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electrical wavelength is much larger than the physical dimension of the circuits



Transmission Line

2 conductors

4 per-unit-length parameters:

C = capacitance/length [F/m]

L = inductance/length [H/m]

R = resistance/length [/m]

G = conductance/length [   /m or S/m]



Dz
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An engineering problem is to transfer signal from generator to load.

A transmission line is a part of circuit that link between generator and load; Theory of 

transmission line applied on all types of transmission lines.



Coaxial Cable

a  

b 𝜀𝑟 , 𝜎
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Characteristic impedance depend on dimension and dielectric material



Transmission Line (cont.)

Δ𝑧

𝑖 𝑧, 𝑡

+ + + + + + +
- - - - - - - - - -

𝑣 𝑧, 𝑡x x xB

5

RDz LDz

GDz CDz

z
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+

-
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-

i(z,t) i(z+Dz,t)



𝑉 𝑧 − 𝑉 𝑧 + Δ𝑧 = 𝐼(𝑧)(𝑅Δ𝑧 + 𝑗𝑤𝐿Δ𝑧)
I 𝑧 − 𝐼 𝑧 + Δ𝑧 = 𝑉(𝑧 + Δ𝑧)(𝐺Δ𝑧 + 𝑗𝑤𝐶Δ𝑧)

Transmission Line (cont.)
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RDz LDz

GDz CDz

z

v(z+Dz)

+

-
v(z)

+

-

i(z) i(z+Dz)

let Dz → 0:

𝑑𝑉(𝑧)

𝑑𝑧
= − 𝑅 + 𝑗𝑤𝐿 𝐼(𝑧)

𝑑𝐼(𝑧)

𝑑𝑧
= − 𝐺 + 𝑗𝑤𝐶 𝑉(𝑧)

“Telegrapher’sE
quations”



TEM Transmission Line (cont.)
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𝑑2𝑉(𝑧)

𝑑𝑧2
= − 𝑅 + 𝑗𝜔𝐿

𝑑𝐼 𝑧

𝑑𝑧
= 𝑅 + 𝑗𝜔𝐿 𝐺 + 𝑗𝜔𝐶 𝑉 𝑧

𝑑2𝐼(𝑧)

𝑑𝑧2
= − 𝐺 + 𝑗𝜔𝐶

𝑑𝑉 𝑧

𝑑𝑧
= 𝑅 + 𝑗𝜔𝐿 𝐺 + 𝑗𝜔𝐶 𝐼 𝑧

𝑑2𝑉(𝑧)

𝑑𝑧2
− 𝛾 2𝑉(𝑧) = 0

𝑑2𝐼(𝑧)

𝑑𝑧2
− 𝛾 2𝐼(𝑧) = 0

Wave Propagation on a Transmission Line

𝛾 = (𝑅 + 𝑗𝜔𝐿)(𝐺 + 𝑗𝜔𝐶) 1/2 = 𝛼 + 𝑗𝛽
𝛾= propagation constant
𝛼 = attenuation con𝑠tant
𝛽 = phase constant



Solution:

𝑉 𝑧 = 𝐴𝑒−𝛾𝑧 + 𝐵𝑒+𝛾𝑧

𝐼(𝑧) = 𝐶𝑒−𝛾𝑧 + 𝐷𝑒+𝛾𝑧

TEM Transmission Line (cont.)
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Wave Propagation on a Transmission Line

𝑑2𝑉(𝑧)

𝑑𝑧2
− 𝛾 2𝑉(𝑧) = 0

𝑑2𝐼(𝑧)

𝑑𝑧2
− 𝛾 2𝐼(𝑧) = 0

Incident wave in +ve z direction

Reflected wave in -ve z direction



TEM Transmission Line (cont.)

𝑉+(𝑧) = 𝑉0
+𝑒−𝛾𝑧 = 𝑉0

+𝑒−𝛼𝑧𝑒−𝑗𝛽𝑧

Forward travelling wave (a wave traveling in the positive z direction):

𝑣+(𝑧, 𝑡) = Re 𝑉0
+𝑒−𝛼𝑧𝑒−𝑗𝛽𝑧 𝑒𝑗𝜔𝑡

= Re 𝑉0
+ 𝑒𝑗𝜙𝑒−𝛼𝑧𝑒−𝑗𝛽𝑧 𝑒𝑗𝜔𝑡

= 𝑉0
+ 𝑒−𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧 + 𝜙

𝜆𝑔

𝑡 = 0

𝑧

𝑉0
+ 𝑒−𝛼𝑧

𝛽 =
2𝜋

𝜆𝑔
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Phase Velocity

Track the velocity of a fixed point on the wave (a point of constant phase), e.g., the 
crest.

𝑣+(𝑧, 𝑡) = 𝑉0
+ 𝑒−𝛼𝑧 cos(𝜔𝑡 − 𝛽𝑧 + 𝜙)

𝑧

vp

(phase velocity)
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𝜔𝑡 − 𝛽𝑧 = constant

𝜔t1 −𝛽𝑧1= 𝜔𝑡2 −𝛽𝑧2

𝑑𝑧

𝑑𝑡
=
𝜔

𝛽

Set

𝑣𝑝 =
𝜔

𝛽

𝑣𝑝 =
𝜔

Im (𝑅 + 𝑗𝜔𝐿)(𝐺 + 𝑗𝜔𝐶) 1/2

In expanded form:



Characteristic Impedance Z0

𝑍0 ≡
𝑉+(𝑧)

𝐼+(𝑧)

𝑉+(𝑧) = 𝑉0
+𝑒−𝛾𝑧

𝐼+(𝑧) = 𝐼0
+𝑒−𝛾𝑧

so 𝑍0 =
𝑉0

+

𝐼0
+

+ 

V+(z)

-

I+ (z)

z

A wave is traveling in the positive z direction.
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Use Telegrapher’s Equation:

Hence −𝛾𝑉0
+𝑒−𝛾𝑧 = − 𝑅 + 𝑗𝑤𝐿 𝐼0

+𝑒−𝛾𝑧

Characteristic Impedance Z0 (cont.) 
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𝑑𝑉(𝑧)

𝑑𝑧
= − 𝑅 + 𝑗𝑤𝐿 𝐼(𝑧)

CjG

LjR

CjGLjR

LjR

zI

zV
Zo
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• a fundamental parameter of transmission 

line is its characteristic impedance z0 and 

propagation constant γ.

▪ z0 describe the relation between the 

current and voltage travelling waves

▪ z0 is function of dimensions of T.L. and 

dielectric constant 

▪ for most RF systems z0 is either 50 or 75 

ohms.(Notice z0  is real for low losses)

For low power (cable TV for example ) coaxial lines are optimized for low loss z0 =75 ohms, 

for radar applications high power is encountered coaxial line is designed to compromise

Between max power handling and minim um losses ,it designed to have z0 =50 ohm

Characteristic impedance of transmission line:



appendix J for standard 

coaxial cable,  most designed 

for z0 between 50-75



Backward-Traveling Wave

𝑉−(𝑧)

−𝐼−(𝑧)
= 𝑍0

𝑉−(𝑧)

𝐼−(𝑧)
= −𝑍0so

+ 

V -(z)

-

I - (z)

z

A wave is traveling in the negative z direction.
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General Case

𝑉(𝑧) = 𝑉0
+𝑒−𝛾𝑧 + 𝑉0

−𝑒+𝛾𝑧

𝐼(𝑧) =
1

𝑍0
𝑉0

+𝑒−𝛾𝑧 − 𝑉0
−𝑒+𝛾𝑧

A general superposition of forward and backward 
traveling waves:

Most general case:

Note: The reference 
directions for voltage 
and current are the 
same for forward and 
backward waves. 
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+ 

V (z)

-

I (z)

z



𝑉 𝑧 = 𝑉0
+𝑒−𝛾𝑧 + 𝑉0

−𝑒+𝛾𝑧

𝐼 𝑧 =
𝑉0
+

𝑍0
𝑒−𝛾𝑧 −

𝑉0
−

𝑍0
𝑒+𝛾𝑧

𝛾 = 𝛼 + 𝑗𝛽 = 𝑅 + 𝑗𝜔𝐿 𝐺 + 𝑗𝜔𝐶
1
2

𝑍0 =
𝑅 + 𝑗𝜔𝐿

𝐺 + 𝑗𝜔𝐶

1
2

I(z)

V(z)
+

-
z

𝜆𝑔 =
2𝜋

𝛽
m

𝑣𝑝 =
𝜔

𝛽
[m/s]

guided wavelength  g

phase velocity  vp

Summary of Basic TL formulas
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Lossless Case

𝑅 = 0, 𝐺 = 0

𝛾 = 𝛼 + 𝑗𝛽 = (𝑅 + 𝑗𝜔𝐿)(𝐺 + 𝑗𝜔𝐶) 1/2

= 𝑗𝜔 𝐿𝐶

so 𝛼 = 0

𝛽 = 𝜔 𝐿𝐶

𝑍0 =
𝑅 + 𝑗𝜔𝐿

𝐺 + 𝑗𝜔𝐶

1/2

𝑍0 =
𝐿

𝐶
𝑣𝑝 =

1

𝐿𝐶

𝑣𝑝 =
𝜔

𝛽

(indep. of freq.)(real and indep. of freq.)
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Lossless Case (cont.)

𝑣𝑝 =
1

𝐿𝐶

In the medium between the two conductors is homogeneous (uniform) 
and is characterized by (, ), then we have that 

𝐿𝐶 = 𝜇𝜀

The speed of light in a dielectric medium is 𝑐𝑑 =
1

𝜇𝜀

Hence, we have that 𝑣𝑝 = 𝑐𝑑

The phase velocity does not depend on the frequency, and it is always the 
speed of light (in the material). 

(proof given later)
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